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Abstract
A minimal system of generators of the algebra of the centro-affine covariants for homogeneous planar
cubic differential systems with linear part is known. With the help of the Gurevich theorem avoiding the
Aronhold’s identities based on the calculation of determinants, we describe the algebra of the centro-affne
covariants for homogeneous planar cubic differential systems with free terms.
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1 Introduction and Preliminaries
Using Einstein’s notation the polynomial differential systems in n unknown variables and of finite degree
with coefficients in a field k (k = R or C) can be written as
dxj
dt
=
∑
r∈Ω
ajα1···αrx
α1 · · ·xαr , (1)
where Ω is a finite set of distinct natural numbers and for j = 1, ..., n and r ∈ Ω , ajα1···αrx
α1 · · ·xαr .
The qualitative investigation of polynomial differential systems by means of the algebraic invariants is
developed by Konstantin Sergeevich Sibirskii [1] when he assimilated the coefficients of the polynomial
differential systems (1) to tensor components, then made group action on the phase space of these systems
and classified geometric properties of planar quadratic differential systems with the help of algebraic and
semi-algebraic relations in terms of their coefficients. Many difficult results about differential systems have
been obtained with the help of invariant theory, we refer the readers to [2–4].
The theory of invariants motivated by projective geometry, number theory and algebraic geometry since
Johann Carl Friedrich Gauss has published his Latin book ”Disquisitiones arithmeticae” in 1801 on the
representations of integers observed an invariant behavior in the theory of quadratic forms under the action
of SL(2,C) by taking x to Ax+By and y to Cx+Dy. Arthur Cayley and James Joseph Sylvester are the first
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mathematicians who consider the invariants of algebraic forms but they never succeed in calculating it. Many
mathematicians are devoted to the invariants of algebraic among them Georges Salmon, Charles Hermite,
George Boole, Siegfried Heinrich Aronhold, Rudolf Friedrich Alfred Clebsch and Paul Albert Gordan who
succeed in demonstrating the existence of a generating family of the invariants of binary forms of finite degree
by using the symbolic calculus invented by Gordan. Faa` Di Bruno worked on invariants and wrote a book
Thorie des formes binaires wich was regarded highly by David Hilbert who solved the fineteness problem of
the invariant theory by using Noetherianity in 1890. In 1993, Hilbert had solved the major problems in the
invariant theory [7, 8].
When we use the invariant theory, the main problem that we are facing is the knowledge of the invariants,
that is [13]. In the case where the action group is the linear general group GL(n, k), the k-algebra of the
algebraic invariants of systems (1) called centro-affine covariants is of finite type. However, the description
of the algebra is a difficult matter. One has to manipulate polynomial in several variables. The invariants for
bivariate quadratic differential systems are polynomials in 12 indeterminates. Minimal system of generators
of centro-affine invariants for differential systems where Ω = {0, 1, 2} in [2, 11, 5] and Ω = {1, 3} are known
in [18,12] and minimal system of 27 syzygies relating elements of the minimal system of (1) where Ω = {0, 1, 2}
is found in [15].
In this paper, using the theorem of Gurevich [8], we develop a constructive to describe the k−algebra
of the centro-affine covariants for a given family of polynomial differential systems avoiding Aronhold’s
identities. This method can be used to determinate syzygies between the elements of a given minimal
system of generators of centro-affine covariants. Then, find a minimal system of generators of the centro-
affine covariants for the planar cubic differential systems, that is, systems (1) where Ω = {0, 1, 3} and a
corresponding minimal generator system of the syzygies for these differential systems. The syzygies between
the relating elements of the minimal system of a given minimal system of generators of centro-affine covariants
for a given polynomial differential systems allows us to have a unique decomposition of centro-affine covariants
of the considered differential systems.
We denote by C(n, k,Ω) the set of all coefficients on the right hand side of polynomial differential systems
(1). Denote by S(n, k,Ω) and can be identified as a direct sum
⊕
r∈ΩT
1
r , where T
1
r denotes the k-vectorial
space of tensors 1 time contravariant and r times covariant for these systems (1).
The action of GL(n, k) on the plane (q, x) 7→ qx induces a representation ρ on GL(C(n, k,Ω)) defined for
all r ∈ Ω by
ρ(q)ajα1α2...αr = q
j
i p
β1
α1 ...p
βr
αra
i
β1β2...βr, (2)
where p is the inverse of the matrix q called lows of centro-affine transformations.
A polynomial function C(a, x) : C(n, k,Ω)× kn → k is said to be a covariant with respect to GL(n, k) or a
centro-affine covariant of C(n, k,Ω)× kn or simply a centro-affine covariant for S(n, k,Ω) if
∀q ∈ GL(n, k), ∀a ∈ C(n, k,Ω), C(ρ(q)a, qx) = (det q)−wC(a, x),
where (det q)−w is the character of GL(n, k) and w ∈ Z is called the weight of C(a, x). If C(a, x) is constant
with respect to x, it is called centro-affine invariant and written C(a).
If w ≡ 1, the covariant is said to be absolute, otherwise it is said to be relative.
A G-covariant C(a, x) is said to be reducible if it can expressed as polynomial function of G-covariants
of lower degree, we write C(a, x) ≡ 0 (modulo G-covariants of lower degree). A finite family B of centro-
affine covariants for S(n, k,Ω) is called a system of generators if any centro-affine covariant for S(n, k,Ω) is
reducible to zero modulo B. A system B of generators is said to be minimal if none of them is generated by
the others.
Example 1. We can check with the help of the lows of centro-affine transformations (2) that C(a) = aαα
is a centro-adffine invariant for differential systems S(n, k, {0, 1, 2, ..., k}) of weight w = 0, k ∈ N. Indeed,
for all q ∈ GL(2,R), C(ρ(q)a) = ρ(q)aαα = q
α
i p
j
αa
i
j = δ
j
i a
i
j = a
i
i = C(a), where α, i, j = 1, ..., n. Some other
examples are given in the following table:
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C(n, k,Ω) Covariant Weight
C(2,R, {1, 2})
aαα, α = 1, 2 0
arpa
s
qε
pqεrs, p, q, r, s = 1, 2 0
aαγa
β
αpa
γ
βqε
pq, α, β, γ, p, q = 1, 2 1
C(3,R, {1, 2})
aαα, α = 1, 3 0
aαγpa
β
αqa
γ
βsε
pqs, α, β, γ, p, q, s = 1, 3 1
C(2,R, {0, 1, 3})
aαaβaγνa
δ
µδγa
µ
βpra
ν
αqsε
pqεrs,
2
α, β, γ, δ, µ, ν, p, q, r, s = 1, 2
C(2,R, {0, 3}) aαaβaγapaqαβγεpq, α, β, γ, p, q = 1, 2 −1
Let E be a k-vector space of dimension n, and let p and q be two non negative integers.
A contraction over the tensor space E⊗p ⊗ E∗⊗q is the map:
ϕ : E⊗p ⊗ E∗⊗q → E⊗p−1 ⊗ E∗⊗q−1,
defined by
ϕ(ξ
i1...ip
j1...jq
) =
n∑
α=1
ξ
i1...im−1αim+1...ip
j1...jl−1αjl+1...jq
.
If p = q then a sequence of p contractions is called a complete contraction.
A covariant alternation over the tensor space E⊗p ⊗ E∗⊗q with p, q ≥ n is the map:
φ : E⊗p ⊗ E∗⊗q → E⊗p ⊗ E∗⊗q−n,
defined by
φ(ξ
i1...ip
j1...jq
) =
n∑
k1=1
n∑
k2=1
...
n∑
kn=1
ξ
i1...ip
j1...αk1 ...
αk2 ...αkn ...jq
εαk1αk2 ...αkn ,
and a contravariant alternation over the tensor space E⊗p ⊗ E∗⊗q with p, q ≥ n is the map:
ψ : E⊗p ⊗ E∗⊗q → E⊗p−n ⊗ E∗⊗q,
defined by
ψ(ξ
i1...ip
j1...jq
) =
n∑
k1=1
n∑
k2=1
...
n∑
kn=1
ξ
i1...αk1 ...
αk2 ...αkn ...ip
j1...jq
εαk1αk2 ...αkn ,
where the tensor εαk1αk2 ...αkn (ε
αk1αk2 ...αkn ) with αk1 , αk2 ..., αkn = 1, 2, ..., n is an n-vector, the valence of
which coincides with the dimension of the space and the coordinates of which are equal to
εαk1 ...αkn = ε
αk1 ...αkn =


1 if (αk1 , ..., αkn) is an even permutation
−1 if (αk1 , ..., αkn) is an odd permutation
0 otherwise
.
The k-algebra k[C(n, k,Ω) × kn]GL(n,k) is of finite type [14] and in view of the fundamental theorem of
Gurevich [8] it is generated by polynomial expressions obtained by applying successive alternations and
complete contraction over the tensor product(
T 1r1
)∗⊗dr1 ⊗ ...⊗ (T 1ri)∗⊗dri ⊗ (kn)∗⊗δ , (3)
where r1, ..., ri ∈ Ω, p = dr1 + ...+ dri + δ, q = (r1 − 1)dr1 + ...+ (ri − 1)dri and
dr1 + ....+ dri − d0 − δ ≡ 0[n] (4)
This motivate the following definition. An homogeneous centro-affine covariantC(a, x) for systems S(n, k,Ω)
is said to be of type (dr1 , ..., dri , δ) if and only if it is homogeneous of degree dri in relation to a
j
αr1 ...αri
, ri ∈ Ω
3
and of degree δ in relation to the contravariant vector x, and satisfying the relation(4), here r1, ..., ri ∈
Ω, dr1 , ..., dri , δ ∈ N. A centro-affine covariant of type (dr1 , ..., dri , δ) is said to be of degree d = δ + dr1 +
...+ dri .
Hence, the generators of centro-affines covariants for S(n, k,Ω) of given type (dr1 , ..., dri , δ) can be ob-
tained with the help of successive alternations and complete contraction from the tensor t
α1...αp
β1...βq
, p times
contravariants and q times covariants belonging in the tensor product (3) where p = dr1 + ... + dri + δ and
q = dr1 + ...+ (ri − 1)dri defined by
ai1α1...αr1 ⊗ ...⊗ a
idr1
β1...βr1
⊗ ...⊗ a
j
1
γ1...γri
⊗ ...⊗ a
jdri
δ1...δri
⊗ xm1 ⊗ ...⊗ xmδ , (5)
where r1, ..., ri ∈ Ω, dr1 , ..., dri , δ ∈ N and the indices are belonging in {1, ..., n} and can be written
a−
...︸︷︷︸
r1times
...a−
...︸︷︷︸
r1times︸ ︷︷ ︸
dr1times
...a−
...︸︷︷︸
ritimes
...a−
...︸︷︷︸
ritimes︸ ︷︷ ︸
dri times
. (6)
For instance, the generators of centro-affine covariants for homogeneous planar quadratic differential sys-
tems S(2,R, {2}) of type (d2, δ) can be obtained with the help of successive alternations and complete
contraction from the tensor (d2 + δ) times contravariants and (2d2) times covariants where d2 − δ ≡ 0[3]
defined by
al1α1α2 ⊗ ...⊗ a
ld2
β1β2
⊗ xm1 ⊗ ...⊗ xmδ ,
where the indices belonging in {1, 2} and can be written
a− ...a−︸ ︷︷ ︸
d2times
x−...x−︸ ︷︷ ︸
δtimes
.
The generators of type (1, 1) can be obtained from the tensor a− x− with the help of successive alternations
and complete contraction:
a− x− 7−→ aααβx.
The generators of type (2, 2) can be obtained from the tensor a− a− x−x− with the help of successive
alternations and complete contraction:
a− a− x−x− 7−→


aααγa
β
βδx
γxδ
aαβγa
β
αδx
γxδ
aααβa
β
γδx
γxδ
The generators of type (2, 4) can be obtained from the tensor a− a− x−x−x−x with the help of successive
alternations and complete contraction:
a− a− x−x−x−x− 7−→


apαγa
q
βδx
αxβxγxδεpq
apαγa
α
βδx
qxβxγxδεpq
apβγa
α
αδx
qxβxγxδεpq
where α, β, γ, δ, p, q = 1, 2 and εpq = σ(p, q) = p− q.
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The generators of centro-affine covariants for homogeneous planar quadratic differential systems S(3,R, {2})
of type (d2, δ) can be obtained with the help of successive alternations and complete contraction from the
tensor (d2 + δ) times contravariants and (2d2) times covariants where d2 − δ ≡ 0[3] defined by
al1α1α2 ⊗ ...a
l1
α1α2 ⊗ x
m1 ⊗ ...⊗ xmδ ,
where the indices belonging in {1, 2, 3} and can be written
a− ...a−︸ ︷︷ ︸
d2times
x−...x−︸ ︷︷ ︸
δtimes
.
The generators of type (1, 1) can be obtained from the tensor a−−x
− with the help of successive alternations
and complete contraction:
a− x− 7−→ aααβx
β , aαββx
α, apqαx
αεpq, apααx
qεpq, aααpx
qεpq
The generators of type (2, 0) can be obtained from the tensor a−−−a
−
−− with the help of successive alterna-
tions and complete contraction [2, page 88]:
a− a− 7−→


aααβa
β
γγ , a
α
βγa
α
βγ
aααγa
β
βγ , a
α
βγa
β
γα
aαββa
α
γγ ,
a− a− ε−− 7−→


aααpa
q
ββε
pq
aαβpa
q
βαε
pq
where α, β, γ, δ, p, q = 1, 2, 3 and εpqr = σ(p, q, r).
2 Constructive method to describe the Algebra of Centro-Affine
Covariants for S(n, k,Ω)
The k-algebra k[C(n, k,Ω)× kn]GL(n,k) is multigraded and can be written
k[C(n, k,Ω)× kn]GL(n,k) =
⊕
dr1 ,...,dri ,δ∈N
A(dr1 ,...,dri0 ,δ)
,
whereA(dr1 ,...,dri ,δ) denotes the vectorial subspace of the homogeneous centro-affie covariants of type (dr1 , ..., dri , δ), r1, ..., ri ∈
Ω, dr1 , ..., dri , δ ∈ N.
Indeed, the centro-affine covariant C(a, x) for S(n, k,Ω) can be decomposed as finite sum
C(a, x) =
∑
i=1,...,s
Ci(a, x),
where for i = 1, ..., s, Ci(a, x) is a homogeneous polynomial in k[C(n, k,Ω) × k
n] of degree di and for
i = 1, ..., s, Ci(a, x) is a centro-affine covariant since for all q ∈ GL(n, k) one has
C(ρ(q)a, qx) = (det q)−wC(a, x),
where w be the weight of the centro-affine covariant C(a, x). Therefore,
C(ρ(q)a, qx) = (det q)−w
∑
i=1,...,s
Ci(a, x)
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or
C(ρ(q)a, qx) =
∑
i=1,...,s
(det q)−wCi(a, x)
and for all scalar λ ∈ k∗, Ci(a, x) = λ
−diCi(λa, λx), i = 1, ..., s . Then∑
i=1,...,s
λdiCi(ρ(q)a, qx) =
∑
i=1,...,s
(det q)−wλdiCi(a, x).
Hence, for i = 1, ..., s,, we get
Ci(ρ(q)a, qx) = (det q)
−wCi(a, x).
The set of the homogeneous centro-affine covariants of degree d denoted by k[C(n, k,Ω) × kn]
GL(n,k)
d is a
vectorial subspace of the k-algebra k[C(n, k,Ω)× kn]GL(n,k) and for d, d′ ∈ N, we have
k[C(n, k,Ω)× kn]
GL(n,k)
d k[C(n, k,Ω)× k
n]
GL(n,k)
d′ ⊂ k[C(n, k,Ω)× k
n]
GL(n,k)
d+d′ .
Hence, the k−algebra k[C(n, k,Ω)× kn]GL(n,k) can be written
k[C(n, k,Ω)× kn]GL(n,k) =
⊕
d∈Nk[C(n, k,Ω)× k
n]
GL(n,k)
d
and k[C(n, k,Ω)× kn]
GL(n,k)
d is a direct sum of the vectorial subspaces A(dr1 ,...,dri,δ) where dr1 , ..., dri , δ ∈ N
k[C(n, k,Ω)× kn]
GL(n,k)
d =
⊕
dr1 ,...,dri ,δ∈N
δ+
∑
ri∈Ω
dri=d
A(dr1 ,...,dri ,δ).
It’s easy to check that
A(dr1 ,...,dri ,δ)A(dr′1 ,...,dr′i,δ
′) ⊆ A(dr1 ,...,dri,δ)+(dr′1 ,...,dr′i ,δ
′).
Thus, the k−algebra k[C(n, k,Ω)× kn]GL(n,k) is multigraded and can be written
k[C(n, k,Ω)× kn]GL(n,k) =
⊕
dr1 ,...,dri ,δ∈N
A(dr1 ,...,dri ,δ).
Let F(dr1 ,...,dri ,δ) and B(dr1 ,...,dri ,δ) be respectively generating family and a basis of the vectorial subspace
A(dr1 ,...,dri ,δ) of a given type (dr1 , ..., dri , δ).
In view of Hilbert basis theorem, k−algebra k[C(n, k,Ω)× kn]GL(n,k) is of finite type and then the degrees
of centro-affine covariants of a minimal system B(n, k,Ω) of generators for S(n, k,Ω) are bounded and let D
be the upper bound of degrees of these generators.
The idea is to determine degree by degree a minimal system B(n, k,Ω) for given differential systems
S(n, k,Ω) where constructing degree by degree the generating families F(dr1 ,...,dri,δ), deduce bases B(dr1 ,...,dri ,δ)
avoiding Aronhold’s identities, then determine a minimal system B(n, k,Ω) with the help of the test of mem-
bership in an ideal.
In view of the theorem of Gurevich, the generators of centro-affine covariants for given differential systems
B(n, k,Ω) of given type (dr1 , ..., dri , δ), r1, ..., ri, δ ∈ Ω obtained from the tensor 6 with the help of successive
alternations and complete contraction can be written as finite products fα11 ...f
αl
l , α1, ..., αl, l ∈ N of generators
of lower degrees f1, ..., fl where (dr1 , ..., drl , δ) = α1(d
1
r1 , ..., d
1
rl , δ
1)+ ...+αl(d
l
r1 , ..., d
l
rl , δ
l) where α1, ..., α1 ∈
N, r1, ..., rl ∈ Ω and for i = 1, ..., l, fi is of type (d
i
ri , ..., d
i
ri , δ
i).
For instance, the generators of degree d of centro-affine covariants for systems S(2,R, {1, 1, 2}) are of
type (d0, d1, d2, δ) where d0 + d1 + d2 + δ = d and d2 − d0 − δ ≡ 0[2] . Since every generating family
contain generators of lower degrees then start from the generating families F(d0,d1,d2,δ) of degree 1. The only
generators of degree 1 are of type (0, 1, 0, 0) and can be obtained from the tensor once contravariant and once
covariant a−− with the help of successive tensorial operations of contraction on the tensor from the tensor.
Then obtain F(0,1,0,0) = {I1}.
6
The only generators of degree 2 are of type (1, 0, 1, 0), (0, 2, 0, 0), (0, 0, 1, 1) and can be obtained respectively
from the tensors a−a−−−, a
−
−a
−
− and a
−
−−x
− :
a−a−−− 7→ a
αaβαβ = I17
a−−a
−
− 7→ a
α
αa
β
β = I
2
1
aαβa
β
α = I2
a−a−−− 7→ a
α
αβx
β = K1
then obtain F(1,0,1,0), F(0,2,0,0), F(0,0,1,1) where
F(1,0,1,0) = {I17}.
F(0,2,0,0) = {I
2
1 , I2}.
F(0,0,1,1) = {K1}.
In the same manner we found,
F(0,1,1,1) = {I1K1, K3, K4}.
F(1,2,1,0) = {I
2
1I17, I1I20, I1I19, I2I17, I24
F(1,1,3,0) = {I1I26, I1I25, I5I17, I4I17, I3I17, I32, I31, I30}.
F(2,3,2,0) = {I
3
1I
2
17, I
3
1I23, I
3
1 I22, I
2
1I17I20, I
2
1I17I19, I
2
1 I29, I
2
1I28, I1I2I
2
17, I1I2I23, I1I2I22, I1I5I18, I1I4I18,
I1I3I18, I1I17I24, I1I
2
20, I1I19I20, I1I
2
19, I2I17I20, I2I17I19, I2I29, I2I28, I6I18, I20I24, I19I24} .
F(2,2,2,0) = {I
2
1I
2
17, I
2
1I23, I
2
1I22, I1I17I20, I1I17I19, I1I29, I1I28, I2I
2
17, I2I23, I2I22, I5I18, I4I18, I3I18,
I17I24, I
2
20, I19I20, I
2
19 }.
where the family {I1, . . . , I36,K1, . . . ,K33} is a minimal system of generators of centro-affine invariants
and covariants of S(2,R, {0, 1, 2}) [2, 5, 11].
For a given type (dr1 , ..., dri , δ), r1, ..., ri ∈ Ω, dr1 , ..., dri , δ ∈ N, a basis B(dr1 ,...,dri,δ) is a subfamily
{fs1 , · · ·, fst} , 1 ≤ t ≤ s of F(dr1 ,...,dri,δ) where fs1 , · · ·, fst are linearly independent and 〈{fl1 · ··, flt}〉 =
〈{f1 · ··, fs}〉. We shall show how the elements fs1 , · · ·, fst of B(dr1 ,...,dri,δ) can be determined. Denoting
by (t1r)
pr the product
∏
i=1,...,ν
((t1r)
i)p
i
r and by xα the product (x1)α1 ...(xn)αn where ν = dim T 1r , r ∈ Ω,
pr, α ∈ N, (p
i
r, ..., p
i
r) and (α1, ..., αn) are the partitions respectively of pr and α.
A monomial associated with S(n, k,Ω) is a finite product of the form
(t1r1)
pr1 ...(t1ri)
prixα, r1, ..., ri ∈ Ω and pr1 , ..., pri ∈ N
and can be written simply
(aiα1...αr1 )
pr1 ...(ajα1...αri )
prixα (7)
where for i, j, α1 · · ·αri = 1, ..., n, a
j, ajα1...αri ∈ C(n, k,Ω). If we define
(aiα1...αr1 )
pr1 ...(ajα1...αri )
prixα × (aiα1...αr1 )
qr1 ...(ajα1...αri )
qrixµ = (aiα1...αr1 )
pr1+qr1 ...(ajα1...αri )
pri+qrixα+µ
where pr1 , . . . , pri , qr1 , . . . , qri ∈ N
m with m = 2(ri + 1), then the set of all monomials (7) denoted by M
is a monoid with the identity 1. A monomial (7) of a centro-affine covariant of given type (dr1 , ..., dri , δ) can
be written
(aiα1...αr1 )
dr1 ...(ajα1...αri
)drixδ (8)
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and will be called a monomial of type (dr1 , ..., dri , δ). The set of the monomials (8) of type (dr1 , ..., dri , δ)
denoted by M(dr1 ,...,dri,δ) is finite and can be written
M(dr1 ,...,dri ,δ) = {m1, · · ·,ml,m1 ≺ m2... ≺ ml}
where l is the cardinality of M(dr1 ,...,dri,δ) and ≺ is some monomial order on M. Hence an element f of
generating the family F(dr1 ,...,dri,δ) of the given type (dr1 , ..., dri , δ) can be decomposed in M(dr1 ,...,dri ,δ) as
follows
f = α1m1 + α2m2 + · · ·+ αlml, α1, α2, · · ·, αl ∈ k
The vector v = (α1, α2, · · ·, αl) ∈ k
l is called the vector associated with f . Now let v1 · ··, vs be the
vectors associated respectively with f1, · · ·, fs then rank {f1, · · ·, fs} = rank {v1 · ··, vs}. Hence, the family
{vl1 · ··, vlt} is a basis of the vectorial subspace generated by the vectors v1 · ··, vs if and only if B(dr1 ,...,dri,δ) =
{fl1 · ··, flt}. The vectors v1···, vs can be determined using the algorithm 2 [7]. We illustrate our idea by means
of examples. To determine B(0,2,0,0) for the planar cubic differential systems S(2, k, {0, 1, 2, 3}) one construct
F(0,0,2,0) where constructing the centro-affines covariants of type (0, 0, 2, 0). That is, F(0,0,2,0) = {J4, J5}
where
J4 = a
α
αpra
β
βqsε
pqεrs
J5 = a
α
βpra
β
αqsε
pqεrs
, α, β, p, q = 1, 2
since J4, J5 are the lonely centro-affine covariants obtained from the tensor a
−
−−−a
−
−−− with the help of
successive alternations and complete contraction. The set M(0,0,2,0) of all monomials of type (0, 0, 2, 0) can
be determined where expanding the elements of F(0,2,0,0):
J4 = 2a
1
111a
1
122 + 2a
1
111a
2
222 − 2(a
1
112)
2 − 4a1112a
2
122 + 2a
1
122a
2
112 + 2a
2
112a
2
222 − 2(a
2
122)
2
J5 = 2a
1
111a
1
122 − 2(a
1
112)
2 + 2a1112a
2
122 − 4a
1
122a
2
112 + 2a
1
222a
2
111 + 2a
2
112a
2
222 − 2(a
2
122)
2
then
M(0,0,2,0) = {m1,m2,m3,m4,m,m6,m7,m8, m1 ≺ m2 ≺ m3 ≺ m4 ≺ m ≺ m6 ≺ m7 ≺ m8}
where the monomials m1 = a
1
111a
1
122, m2 = a
1
111a
2
222, m3 = (a
1
112)
2, m4 = a
1
112a
2
122, m5 = a
1
122a
2
112, m6 =
a1222a
2
111, m7 = a
2
112a
2
222, m8 = (a
2
122)
2
and
J4 = 2m1 + 2m2 − 2m3 − 4m4 + 2m5 + 0m6 + 2m7 − 2m8
J5 = 2m1 + 0m2 − 2m2 + 2m4 − 4m5 + 2m6 + 2m7 − 2m8
Hence,
v1 = (2, 2,−2,−4, 2, 0, 2,−2)
v2 = (2, 0,−2, 2,−4, 2, 2,−2)
Then obtain B(0,0,2,0) = {J4, J5} since the vectors v1 and v2 are linearly independent.
We can determine in the same manner for B(0,0,4,0) for S(2,R, {0, 1, 2, 3}). We find the generators of
centro-affine covariants F(0,0,4,0) =
{
(J4)
2, J4J5, (J5)
2, J19
}
where
(J4)
2 = aααpra
β
βqsa
γ
γkma
δ
δlnε
pqεrsεklεmn
J4J5 = a
α
αpra
β
βqsa
γ
δkma
δ
γlnε
pqεrsεklεmn
(J5)
2 = aαβpra
β
αqsa
γ
δkma
δ
γlnε
pqεrsεklεmn
J19 = a
α
βpra
β
δqsa
γ
αkma
δ
γlnε
pqεrsεklεmn
,
expand (J4)
2, J4J5, (J5)
2 and J19 then obtain all the monomials of type (0, 0, 4, 0): (a
1
111)
2(a1122)
2, (a1111)
2a1122a
2
222,
(a1111)
2a1222a
2
122, (a
1
111)
2(a2222)
2, a1111(a
1
112)
2a1122, a
1
111(a
1
112)
2a2222, a
1
111a
1
112a
1
122a
2
122, a
1
111a
1
112a
1
222a
2
112, a
1
111a
1
112a
2
122a
2
222,
a1111(a
1
122)
2a2112, a
1
111a
1
122a
1
222a
2
111, a
1
111a
1
122a
2
112a
2
222, a
1
111a
1
122(a
2
122)
2, a1111a
1
222a
2
111a
2
222, a
1
111a
1
222a
2
112a
2
122, a
1
111a
2
112(a
2
222)
2,
8
a1111(a
2
122)
2a2222, (a
1
112)
4, (a1112)
3a2122, (a
1
112)
2a1122a
2
112, (a
1
112)
2a1222a
2
111, (a
1
112)
2a2112a
2
222, (a
1
112)
2(a2122)
2, a1112(a
1
122)
2a2111,
a1112a
1
122a
2
111a
2
222, a
1
112a
1
122a
2
112a
2
122, a
1
112a
1
222a
2
111a
2
122, a
1
112a
1
222(a
2
112)
2, a1112a
2
111(a
2
222)
2, a1112a
2
112a
2
122a
2
222, a
1
112(a
2
122)
3,
(a1122)
2a2111a
2
122, (a
1
122)
2(a2112)
2, a1122a
1
222a
2
111a
2
112, a
1
122a
2
111a
2
122a
2
222, a
1
122(a
2
112)
2a2222, a
1
122a
2
112(a
2
122)
2, (a1222)
2(a2111)
2,
a1222a
2
111a
2
112a
2
222, a
1
222a
2
111(a
2
122)
2, a1222(a
2
112)
2a2122, (a
2
112)
2(a2222)
2, a2112(a
2
122)
2a2222, (a
2
122)
4, then obtainM(0,0,4,0)
the set of all monomials of the type (0, 0, 4, 0) given in some total ordering ≺ .
M(0,4,0) = {m1, . . . ,m44, m1 ≺ ... ≺ m44}
calculate the vectors associated with (J4)
2, J4J5, (J5)
2 and J19 :
w1 = (4, 8, 0, 4,−8,−8,−16, 0,−16, 8, 0, 16,−8, 0, 0, 8,−8, 4, 16,−8, 0,−8, 24, 0, 0,−16, 0, 0, 0,−16, 16, ..., 4,−8, 4)
w2 = (4, 4, 0, 0,−8,−4,−4, 0, 4,−4, 4, 0,−8, 4, 0, 4,−4, 4, 4, 4,−4,−8, 0, 0, 0, 20,−8, 0, 0,−4, 4, ..., 4,−8, 4)
w3 = (4, 0, 0, 0,−8, 0, 8, 0, 0,−16, 8, 8,−8, 0, 0, 0, 0, 4,−8, 16,−8,−8, 12, 0, 0,−16, 8, 0, 0, 8,−8, ..., 4,−8, 4)
w4 = (4, 0, 2, 0,−8, 0, 2,−4, 2,−8, 6, 0,−4, 2, 0, 0, 0, 4,−4, 12,−4,−4, 2,−2, 0, 2, 4,−4, 2, 2,−4, ..., 4,−8, 4)
Then B(0,0,4,0) =
{
(J4)
2, J4J5, (J5)
2, J19
}
since w1, w2, w3 and w4 are linearly independent. For d ≥ 1, let
Bd be the set of the centro-affine covariants of B(n, k,Ω) of degree less than or equal to d and Id = 〈Bd〉 the
ideal generated by Bd. In view of the Hilbert basis theorem the sequence of the ideals (Id)d≥1 is increasing
and stationary. Hence, B(n, k,Ω) is finite and therefore
⊕
d0+d1+d3+δ≥1
B(d0,d1,d3,δ) is finite.
There exist an upper bound of degrees of these generators which we denote by D. This bound has been
calculated by V. Popov [13] and recently improved by H. Derksen [17] but still too large. We find D when all
the centro-affine covariants of degree d ≥ D are reducible. Now we are able to determine a minimal system
B(n, k,Ω).
Theorem 2. Let D be the upper bound of degrees of the generators of the centro-affine covariants differential
systems S(n, k,Ω).
if
⊕
1≤d0+d1+d3+δ≤D
B(d0,d1,d3,δ) = {J
α11
1 ...J
α1τ
τ , ..., J
αs1
1 ...J
αsτ
τ }, i = 1, ..., s and j = 1, ..., τ αij ∈ N, then
B(n, k,Ω) = {J1, ..., Jτ}.
Proof. We have,
k[C(n, k,Ω)× kn]GL(n,k) =
⊕
d∈Nk[C(n, k,Ω)× k
n]
GL(n,k)
d
and
k[C(n, k,Ω)× kn]
GL(n,k)
d =
⊕
dr1 ,...,dri ,δ∈N
δ+
∑
ri∈Ω
dri=d
A(dr1 ,...,dri ,δ),
then
k[C(n, k,Ω)× kn]GL(n,k) =
〈
{J
α11
1 ...J
α1τ
τ , ..., J
αs1
1 ...J
αsτ
τ }
〉
where for i = 1, ..., τ, d◦J
α1τ
τ ≤ D.
Since J
α11
1 ...J
α1τ
τ , ..., J
αs1
1 ...J
αsτ
τ are linearly independents and J
α11
1 ...J
α1τ
τ , ..., J
αs1
1 ...J
αsτ
τ ∈ 〈{J1, ..., Jτ}〉, thus
B(n, k,Ω) = {J1, ..., Jτ}
The theorem is proved.
For instance, consider the planar differential systems B(2,R, {0, 1}), that is,
dxj
dt
= aj + ajαx
α j, α = 1, 2
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Degree by degree we find the generating families F(d0,d1,d3,δ) of types (d0, d1, d3, δ) where d0, d1, d3, δ ∈ N
and d0 + d1 + d3 + δ ≤ d of given degree d and with the help of the algorithm 2 deduce corresponding bases
B(d0,d1,d3,δ). Therefore⊕
d0+d1+δ≥1
B(d0,d1,d3,δ) = {I1, I
2
1 , I2,K21, I
3
1 , I1I2, I18,K21I1,K22,K2}
since all the centro-affine covariants of greater degree are reducible, where
I1 = a
α
α; K21 = a
pxq;
I2 = a
β
αa
α
β ; K2 = a
p
αx
αxqεpq;
I18 = a
p
αa
αaqεpq K22 = a
p
αa
αxqε
then one get
B(2,R, {0, 1}) = {I1, I2, I18,K2,K21,K22}.
3 Minimal system of generators of centro-affine invariants and
covariants for S(2,R, {0, 1, 3})
In this section we describe the algebra of centro-affine covariants for differential systems S(2,R,Ω0) where
Ω0 = {0, 1, 3}
dxj
dt
= aj + aiαx
α + ajαβγx
αxβxγ , j, α, β, γ = 1, 2 (9)
A monomial (7) associated with S(2,R, {0, 1, 3}) is a finite product of the form
(aj)p0(ajα)
p1(ajαβγ)
p3(x)α. (10)
where p0 ∈ N
2, p1 ∈ N
4, p3 ∈ N
8, α ∈ N2. Let us order the coefficients of C(2,R, {0, 1, 3}) and the components
x1, x2 of the contravariant vector x in the following manner:
a1 ≺ a2 ≺ a11 ≺ a
1
2 ≺ a
2
1 ≺ a
2
2 ≺ a
1
111 ≺ a
1
112 ≺ a
1
122 ≺ a
1
222 ≺ a
2
111 ≺ a
2
112 ≺ a
2
122 ≺ a
2
222 ≺ x
1 ≺ x2. (11)
The total ordering defined by (10) is a total ordering and can be extended to a total lexicographic ordering
for the set M of all the monoials (10) and in the usual manner (see e.g. [12, pp. 373-375])
(aj)p(ajα)
r(ajαβγ)
qxr ≺ (aj)p
′
(ajα)
r′(ajαβγ)
q′xr
′
⇔
the first nonzero component of the vector (p− p′, r − r′, q − q′, r − r′) is positive
Given type (d0, d1, d3, δ) the set of all the monomials of type (d0, d1, d3, δ) can be written asM(d0,d1,d3,δ) =
{m1, ...,ml,m1 ≺ m2... ≺ ml}. Hence, given type (d0, d1, d3, δ) one use the algorithm 2 [7] to decompose the
elements f1, ..., fτ of F(d0,d1,d3,δ) in M(d0,d1,d3,δ) then obtain v1, ..., vτ the vectors associated with f1, ..., fτ
respectively then deduce B(d0,d1,d3,δ), d0 + d1 + d3 + δ ≥ 1 then get a minimal system B(2,R, {0, 1, 3}) of
generators of centro-affine invariants of degree up to 9 for S(2,R, {0, 1, 3}).
Theorem 3. The family S(Ω) = {J1, . . . , J47,K1, . . . ,K75} form a minimal system of generators of centro-
affine invariants and covariants of S(2,R, {0, 1, 3}), where
J1 = a
α
α J4 = a
α
αpra
β
βqsε
pqεrs J7 = a
αaβaγγαβ
J2 = a
α
βa
β
α J5 = a
α
βpra
β
αqsε
pqεrs J8 = a
α
pa
β
γa
γ
βαqε
pq
J3 = a
α
pa
β
βαqε
pq J6 = a
αaqapαεpq J9 = a
α
γa
β
αpra
γ
βqsε
pqεrs
J10 = a
α
γpra
β
αqka
γ
βslε
pqεrsεkl J11 = a
α
γβpa
β
αrka
γ
qslε
pqεrsεkl
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J12 = a
αaβaγδa
δ
βγα J20 = a
αaβaγapaqαβγεpq
J13 = a
αaβaγβa
δ
δγα J21 = a
αaβaγµa
δ
βa
µ
γδα
J14 = a
αaβaγαβpa
δ
δγqε
pq J22 = a
αaβaγµa
δ
δγpa
µ
βαqε
pq
J15 = a
α
p a
β
r a
γ
γδqa
δ
αβsε
pqεrs J23 = a
αaβaγδa
δ
µγpa
µ
βαqε
pq
J16 = a
α
p a
β
r a
γ
βδqa
δ
αγsε
pqεrs J24 = a
αaβaγµa
δ
δβpa
µ
γαqε
pq
J17 = a
α
γa
β
δpka
γ
βqra
δ
αslε
pqεrsεkl J25 = a
αaβaγγαpa
δ
βrqa
µ
µδsε
pqεrs
J18 = a
α
δ a
β
γβpa
γ
αrka
δ
qslε
pqεrsεkl J26 = a
αaβaγµδγa
δ
βpra
µ
αqsε
pqεrs
J19 = a
α
βpra
β
δqsa
γ
αkma
δ
γlnε
pqεrsεklεmn J27 = a
α
pa
β
r a
γ
µδka
δ
βαla
µ
γqsε
pqεrsεkl
J28 = a
α
pa
β
µδqa
γ
γrma
δ
βska
µ
αlnε
pqεrsεklεmn
J29 = a
αaβaγapaqδa
δ
αβγεpq J33 = a
αaβaγνa
δ
µδγa
µ
βpra
ν
αqsε
pqεrs
J30 = a
αaβaγaδaµµδνa
ν
αβγ J34 = a
αaβaγδa
δ
νµγa
µ
βpra
ν
αqsε
pqεrs
J31 = a
αaβaγaδaµγδνa
ν
αβµ J35 = a
αaβaγµνpa
δ
γδqa
µ
βrka
ν
αslε
pqεrsεkl
J32 = a
αaβaγνa
δ
µa
µ
δγpa
ν
βαqε
pq J36 = a
α
ν a
β
r a
γ
pa
δ
βγµa
µ
δqka
ν
αslε
pqεrsεkl
J37 = a
α
ν a
β
δ a
γ
µpra
δ
γqsa
µ
βkma
ν
αlnε
pqεrsεklεmn
J38 = a
α
pa
β
δνqa
γ
µrka
δ
γsla
µ
βmwa
ν
αnvε
pqεrsεklεmnεwv
J39 = a
α
νpka
β
µqra
γ
δsla
δ
γuma
µ
βnga
ν
αvhε
pqεrsεklεmnεuvεgh
J40 = a
αaβaγaδaµνa
ν
δµηa
η
βαγ J44 = a
αaβaγνηpa
δ
δµra
µ
γqka
ν
βlma
η
αsnε
pqεrsεklεmn
J41 = a
αaβaγaδaµδνηa
ν
γµpa
η
αβqε
pq J45 = a
αaβaγaδaµξ a
ν
δµηa
η
γνpa
ξ
βαqε
pq
J42 = a
αaβaγηa
δ
µa
µ
γδνa
ν
βpra
η
αqsε
pqεrs J46 = a
αaβaγaδaµξνηa
ν
δγµa
η
βpra
ξ
αqsε
pqεrs
J43 = a
αaβaγνa
δ
γµηa
µ
δkpa
ν
βqra
η
αslε
pqεrsεkl J47 = a
αaβaγaδaµaνaηξϕνa
ξ
δµηa
ϕ
βγα
K1 = a
pxqεpq K4 = a
p
αx
αxqεpq K7 = a
αaβαa
γ
γβδx
δ
K2 = a
αapαx
qεpq K5 = a
α
αβγx
βxγ K8 = a
αaβδαpa
γ
γβqx
δεpq
K3 = a
αaββαγx
γ K6 = a
αaβγa
γ
αβδx
δ K9 = a
α
βa
β
αγδx
γxδ
K10 = a
α
γa
β
βαδx
γxδ K15 = a
αaβδ a
γ
γβpa
δ
αµqx
µεpq
K11 = a
α
γδpa
β
βαqx
γxδεpq K16 = a
αaβγa
γ
δβpa
δ
αµqx
µεpq
K12 = a
αaβaγaqαβγx
pεpq K17 = a
αaβδ a
γ
γαpa
δ
βµqx
µεpq
K13 = a
αaβaqαβγx
γxpεpq K18 = a
αaββαpa
γ
µrqa
δ
δγsx
µεpqεrs
K14 = a
αaβδ a
γ
αa
δ
βγµx
µ K19 = a
αaββδγa
γ
µpra
δ
αqsx
µεpqεrs
K20 = a
αaqαβγx
pxβxγεpq K27 = a
q
αβγx
pxαxβxγεpq
K21 = a
α
γa
β
δ a
γ
αβµx
δxµ K28 = a
αaβapaqγa
γ
βδαx
δεpq
K22 = a
α
γa
β
βαpa
γ
δµqx
δxµεpq K29 = a
αaβaγaδδµνa
µ
αβγx
ν
K23 = a
α
βa
β
γαpa
γ
δµqx
δxµεpq K30 = a
αaβaγaδγµνa
µ
αβδx
ν
K24 = a
α
γa
β
βµpa
γ
αδqx
δxµεpq K31 = a
αapaqβa
β
δγαx
γxδεpq
K25 = a
α
αδpa
β
µrqa
γ
γβsx
δxµεpqεrs K32 = a
αaβaγδµνa
δ
αβγx
µxν
K26 = a
α
αβγa
β
µpra
γ
δqsx
δxµεpqεrs K33 = a
αaβaγγδνa
δ
αβµx
µxν
K34 = a
αaβµa
γ
δa
δ
γβpa
µ
ανqx
νεpq K39 = a
αaββαγa
γ
δµνx
δxµxν
K35 = a
αaβµa
γ
γβδa
δ
αpra
µ
νqsx
νεpqεrs K40 = a
αaβδαγa
γ
βµνx
δxµxν
K36 = a
αaβγa
γ
µδβa
δ
αpra
µ
νqsx
νεpqεrs K41 = a
α
δ a
β
γa
γ
αβpa
δ
µνqx
µxνεpq
K37 = a
paqαa
α
βδγx
βxγxδεpq K42 = a
α
δ a
β
αβγa
γ
µpra
δ
νqsx
µxνεpqεrs
K38 = a
αaβδµpa
γ
γβqa
δ
αrka
µ
νslx
νεpqεrsεkl K43 = a
α
βa
β
αδγa
γ
µpra
δ
νqsx
µxνεpqεrs
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K44 = a
q
αa
α
βγδx
pxβxγxδεpq K45 = a
α
γδpa
β
βαqa
γ
µrka
δ
νslx
µxνεpqεrsεkl
K46 = a
α
αβγa
β
δµνx
γxδxµxν K50 = a
αaβaγδa
δ
βγµa
µ
ανηx
νxη
K47 = a
α
βγδa
β
αµνx
γxδxµxν K51 = a
αaβaγδµνa
δ
γηpa
µ
αβqx
νxηεpq
K48 = a
αaβaγaδµa
µ
γδνa
ν
αβηx
η K52 = a
αaβνa
γ
δa
δ
βγµa
µ
αpra
ν
ηqsx
ηεpqεrs
K49 = a
αaβaγaδµνηa
µ
γδpa
ν
αβqx
ηεpq K53 = a
αaβµa
γ
βδνa
δ
γkpa
µ
αqra
ν
ηslx
ηεpqεrsεkl
K54 = aαaβγa
γ
αβδa
δ
µηνx
µxνxη K55 = aαaβµνpa
γ
γδra
δ
βqka
µ
αlma
ν
ηsnx
ηεpqεrsεklεmn
K56 = a
αaβαγδa
γ
ηβpa
δ
µνqx
µxνxηεpq
K57 = a
α
µa
β
γa
γ
αβδa
δ
ηpra
µ
νqsx
νxηεpqεrs
K58 = a
α
δ a
β
αγµa
γ
βkpa
δ
ηqra
µ
νslx
νxηεpqεrsεkl
K59 = a
α
βa
β
αγδa
γ
µηνx
δxµxνxη
K60 = a
α
δµpa
β
βγra
γ
αqka
δ
νlma
µ
ηsnx
νxηεpqεrsεklεmn
K61 = a
α
βγνa
β
αηpa
γ
δµqx
δxµxνxηεpq
K62 = a
αaβaγaδηa
µ
νδγa
ν
µβpa
η
αξqx
ξεpq K69 = a
α
βγδa
β
ναµa
γ
ξpra
δ
ηqsx
µxνxηxξεpqεrs
K63 = a
αaβaγaδµνηa
µ
ξγδa
ν
βpra
η
αrsx
ξεpqεrs K70 = a
αaβaγaδaµaνξϕηa
η
δνµa
ξ
βγαx
ϕ
K64 = a
αaβaγνa
δ
µγβa
µ
δαpa
ν
ηξqx
ηxξεpq K71 = a
αaβaγaδaµξνηa
ν
δµϕa
η
βγαx
ξxϕ
K65 = a
αaβaγδµνa
δ
ξγηa
µ
βpra
ν
αqsx
ηxξεpqεrs K72 = a
αaβaγaδξµνa
µ
δηϕa
ν
βγαx
ηxξxϕ
K66 = a
αaβµa
γ
δβαa
δ
γξpa
µ
νηqx
νxηxξεpq K73 = a
αaβaγδξµa
δ
γηϕa
µ
βανx
νxηxξxϕ
K67 = a
αaβγδµa
γ
ηβνa
δ
αpra
µ
ξqsx
νxηxξεpqεrs K74 = a
αaβδξγa
γ
βηϕa
δ
αµνx
µxνxηxξxϕ
K68 = a
α
δ a
β
γαξa
γ
βηpa
δ
µνqx
µxνxηxξεpq K75 = a
α
βδγa
β
αµνa
γ
ξηϕx
δxµxνxηxξxϕ
and εpq = εpq = q − p.
4 Syzygies between centro-affine covariants of S(2,R, {0, 1, 3})
S is said to be a syzygy between the elements of S(2,R, {0, 1, 3}) if and only if S ≡ 0 is an identity with
respect to the variables from a ∈ C(n, k,Ω) and the contravariant vector x, but not an identity with respect
to the elements from C(n, k,Ω).
A minimal system of 27 syzygies relating elements of the minimal system of (1) where Ω = {0, 1, 2} is
found in [2, Theorem 17.1] and [15].
The action of the general linear group GL(2) on R2 : (Q, x) 7→ Qx induces a representation
ρ : GL(2) → GL(C(R,Ω))
Q 7→ ρ(Q)
defined by
ρ(Q)aj =
2∑
i=1
Qjia
i
ρ(Q)ajα1 =
2∑
i=1
2∑
α1=1
2∑
β1=1
QjiP
β1
α1 a
i
β1
ρ(Q)ajα1α2α3 =
2∑
i=1
2∑
α1=1
2∑
α2=1
2∑
α3=1
2∑
β1=1
2∑
β2=1
2∑
β3=1
QjiP
β1
α1P
β2
α2P
β3
α3 a
i
β1β2β3
, j = 1, 2 (12)
where Q is a matrix of GL(2) and P its inverse. The formula (12) is called the formula of the centro-affine
transformations.
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Theorem 4. If J7 6= 0, then the system (9) can be transformed into the following form{
dy1
dt = b
1 + b11y
1 + b12y
2 + b1111(y
1)3 + 3b1112(y
1)2y2 + 3b1122y
1(y2)2 + b1222(y
2)3
dy2
dt = b
2 + b21y
1 + b22y
2 + b2111(y
1)3 + 3b2112(y
1)2y2 + 3b2122y
1(y2)2 + b2222(y
2)3
.
where b1 = 0, b2 = 1, b11 = J1J7 − J13, b
1
2 = J6, b
2
1 =
1
J27
(J3J7 +
1
2J4J6), b
2
2 =
J13
J7
,
b1111 =
1
J37
(J7J25 +
1
2J4J30), b
1
112 =
1
J27
(12J4J20 − J7J14), b
1
122 =
1
J7
(J27 − J30), b
1
222 = −J20,
b2111 =
1
J47
(
1
4J
2
4J20 − J7(J4J14 + J7(J10 + J11))
)
, b2112 =
1
J37
(
1
2J4(J
2
7 − J30)− J7J25)
)
,
b2122 =
1
J27
(
J7J14 −
1
2J4J20
)
, b2222 =
J30
J7
.
Proof. Since J7 6= 0, we can consider the following matrix
q =
(
a2 −a1
1
J7
aαaββα1
1
J7
aαaββα2
)
. (13)
The matrix q is invertible since det q = 1. Then, consider the centro-affine transformation
yj = qji x
i, i, j = 1, 2
i.e.
y1 = −K1, y
2 =
K3
J7
The system (9) can be transformed into the system
dyj
dt
= bj + bjαy
α + bjαβγy
αyβyγ , j, α, β, γ = 1, 2
where for j, α, β, γ = 1, 2,
bj = qjαa
α, bjα = q
j
i p
j1
α a
i
j1 and b
j
αβγ = q
j
i p
j1
α p
j2
β p
j3
γ a
i
j1j2j3 , i, j1, j2, j3 = 1, 2
and p is the inverse of q. Hence,
b1 = q1i a
i = 0
b2 = q2i a
i = 1
b11 = q
1
i p
j1
1 a
i
j1
= 1J7 (a
µεiµ)(a
αaββαiε
j1i)(aij1 ) =
1
J7
aαaqapra
β
βαsεpqε
rs = 1J7 (J1J7 − J13)
b12 = q
1
i p
j1
2 a
i
j1
= (aµεiµ)(a
j1)(aij1 ) = a
αaqapαεpq = J6
b21 = q
2
i p
j1
1 a
i
j1
= 1
J27
(aαaββαi)(a
αaββαiε
j1i)(aij1 ) =
1
J27
aαaβaγpa
δ
δγαa
µ
µβqε
pq = 1
J27
(J3J7 +
1
2J4J6)
b22 = q
2
i p
j1
2 a
i
j1
= 1J7 (a
αaββαi)(a
j1 )(aij1) =
1
J7
aαaβaγβa
δ
δγα =
J13
J7
b1111 = q
1
i p
j1
1 p
j2
1 p
j3
1 a
i
j1j2j3
= 1
J37
(aµεiµ)(a
αaββαiε
j1i)(aαaββαiε
j2i)(aαaββαiε
j3i)aij1j2j3
= 1
J37
(aαaβaγaqaδδαsa
µ
µβla
ν
νγna
p
rkmεpqε
rsεklεmn)
= 1
J37
(J7J25 +
1
2J4J30)
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b1112 = q
1
i p
j1
2 p
j2
1 p
j3
1 a
i
j1j2j3
= 1
J2
7
(aµεiµ)(a
j1)(aαaββαiε
j2i)(aαaββαiε
j3i)aij1j2j3
= 1
J27
(aαaβaγaqaδδβsa
µ
µγla
p
αrkεpqε
rsεkl)
= 1
J27
(12J4J20 − J7J14)
b1122 = q
1
i p
j1
2 p
j2
2 p
j3
1 a
i
j1j2j3
= 1J7 (a
µεiµ)(a
j1 )(aj2)(aαaββαiε
j3i)aij1j2j3
= 1J7 (a
αaβaγaqaδδγsa
p
αβrεpqε
rs)
= 1J7 (J
2
7 − J30)
b1222 = q
1
i p
j1
2 p
j2
2 p
j3
2 a
i
j1j2j3
= (aµεiµ)(a
j1 )(aj2)(aj3 )aij1j2j3
= aαaβaγaqapαβγεpq
= −J20
b2111 = q
2
i p
j1
1 p
j2
1 p
j3
1 a
i
j1j2j3
= 1
J47
(aαaββαi)(a
αaββαiε
j1i)(aαaββαiε
j2i)(aαaββαiε
j3i)aij1j2j3
= 1
J47
(aαaβaγaδaµµαϕa
ν
νβqa
η
ηγsa
λ
λδla
ϕ
prkε
pqεrsεkl)
= 1
J47
(
1
4J
2
4J20 − J7(J4J14 + J7(J10 + J11))
)
b2112 = q
2
i p
j1
2 p
j2
1 p
j3
1 a
i
j1j2j3
= 1
J37
(aαaββαi)(a
j1 )(aαaββαiε
j2i)(aαaββαiε
j3i)aij1j2j3
= 1
J37
(aαaβaγaδaµµγλa
ν
ναqa
η
ηβsa
λ
δprε
pqεrs)
= 1
J37
(
1
2J4(J
2
7 − J30)− J7J25)
)
b2122 = q
2
i p
j1
2 p
j2
2 p
j3
1 a
i
j1j2j3
= 1
J27
(aαaββαi)(a
j1 )(aj2)(aαaββαiε
j3i)aij1j2j3
= 1
J27
(aαaβaγaδaµµδηa
ν
ναqa
η
βγpε
pq)
= 1
J27
(
J7J14 −
1
2J4J20
)
b2222 = q
2
i p
j1
2 p
j2
2 p
j3
2 a
i
j1j2j3
= 1J7 (a
αaββαi)(a
j1)(aj2 )(aj3)aij1j2j3
= 1J7 (a
αaβaγaδaµµδνa
ν
αβγ)
= J30J7 .
Theorem 5. Ther exist 109 syzygies between J1, . . . , J47,K1, . . . ,K75. where
SJ2 : J
2
7J2 = J7(J
2
1J7 − 2J1J13 + 2J3J6) + J4J
2
6 + 2J
2
13.
SJ5 : J
2
7J5 = 2(J4(J31 − J30) + J7(2J26 + 3J25) + (J11 + J10)J20 + J
2
14).
SJ8 : 6J
2
7J8 = 3((J
2
1 − J2)J7 + 2(J21 − J1J12))J14 + 6(J7J12 − J40) + (2J6J10 + 6(J34 − J33))J6
+ 6(J8J30 + (J13 − J12)J22).
SJ9 : 2J
2
7J9 = [J1(J5J7 + 2J25)− 2(J3J14 + (J11 + J10))]J7 − 2(J4J6J14 + 2J13J25).
SJ10 : 2J
2
7J10 = 3(2(2J26 + 3J25 − J5J7)J14 + 2(J11 + J10)(J30 − J31) + (2J19 − J
2
5 )J20).
SJ12 : J
2
7J12 = J1J7(J7
2 − J30)− (J3J7 + J4J6)J20 + J6J7J14 − (J7
2 − 2J30)J13.
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SJ15 : 2J7J15 = −J
2
1J7(J5+J4)+J1(J4(J13+J12)−J5J13−2J7J9)+(J2J4+2J
2
3 )J7+2J3J24−2J4J21+2J9J13.
SJ16 : 2J7J16 = J
2
1 (J26 − J4J7) + (2J9 − J1J5)(3J13 − J12) + J1[2J3J14 + J4(J13 + J12)− 2J6(J11 + 2J10)−
2J7J9] + J2(J7(J5 + J4)− 2J26) + 2(J3(J3J7 + J22 − (J24 + J23))− J4J21 + 2J6(J18 + J17)− J8J14).
SJ17 : 4J7J17 = J5(J1J14+J5J6−J3J7)+2J1J7J10+2J3(J26+J25)+J4(J6(J5−J4)− 2(J24+J23−J22))−
2J6J19 − 2J9J14 + 2(J11 + J10)(J13 − J12).
SJ18 : 2J7J18 = (J3J7 − J1J14)(J5 − J4) − 2J3(J26 + 2J25) − J5J6(J5 + J4) + 2J4J23 + 2J6J19 + 2J9J14 +
2(J11 + J10)J12.
SJ19 : 2J
2
7J19 = J
2
5J
2
7 + 2J4J
2
14 + 4J7J14(J11 + J10) + 4J
2
25.
SJ21 : J7J21 = J12J13 − J6J24.
SJ22 : 2J7J22 = J4(J1J20 − J6J7 − 2J29) + 2(J3(J30 − J
2
7 )− J13J14).
SJ23 : 2J7J23 = J1(J5J20 − 2J7J14) + 2(J3(J30 − J31) + J6(J26 + J25)− J9J20 + J12J14).
SJ24 : 2J7J24 = J1(J4J20 + 2J7J14) + 2(J3(J30 − J
2
7 )− J4(J6J7 + J29) + J6J25 − 2J13J14).
SJ26 : J
2
7J26 = (2J25 − J4J7)(J31 − J30) + 2J14J41 + J20J35 − J30(J26 + 2J25).
SJ27 : 4J7J27 = 4J4J32 − 8J6J28+2J7J8(J4 + J5) + 2J2(J7J11 + J4J14 − 2J35) + J3(8(J34 − J4J12 + J7J9)−
12J33+4J6(2J10+J11)+J13(3J4−J5)−4J3J14)+J1(J6(2J19−J4J5−J
2
5 )−4J7(J17+J18)−2J4(J22+
J23) + 2J3(J26 − J7(J4 + 2J5))) + 2J
2
1 (J35 − J4J14 + J7(2J10 + J11)).
SJ28 : 12J7J28 = J3(4J7J10 + 6J35) + J4(2J6J10 − 3J1J26 − 3J5J13 + 6J34) + J13(6J19 − 3J
2
5 ) + J25(12J9 −
6J1J5) + 12J24(J11 + J10)
SJ29 : J7J29 = J20(J1J7 − J13)− J6J30.
SJ31 : J
2
7J31 = (J
2
7 − J30)
2 − 2J7J14J20 + J4J
2
20 + J
2
30.
SJ32 : J7J32 = J1(J7J23 + J12J14) + J3J40 − J8J30 − J13J23 + J12J22 − J14J21.
SJ33 : 2J7J33 = J7(J1(J26 + 2J25) + J4(J13 − J12)) + J14(2J24 − 2J3J7 − J4J6)− 2J25(J13 + J12).
SJ34 : J7J34 = J6J35 + J13J26 + 2J25(J13 − J12) + 2J14J24.
SJ35 : 3J7J35 = 3(J14J25 + (J
2
7 − J30)(J11 + J10)− J4J41)− J
2
7J10.
SJ36 : 24J7J36 = 24J18J21+12J9(2J32+ J7J8) + 12J6(J4(J16−J15)− J8(J11+ J10)) + 12J3(2(J42+ J7J16+
J6(J18 + 2J17)) + J21(2J4 − J5) + J8J14) + 24J
2
3 (J22 − 2J24 − J3J7) + 6J2(J6(J
2
5 − 2J19) + J3(2(J26 +
4J25) − J7(J5 + 3J4) − 2J7J18) + 6J1(24J12J17 − 12J9(J23 + J22) + 12J8J25 + 6J6(8J28 − 3J4J9) −
12J5(J32+J7J8)+J3(48J33−36J34−48J7J9−8J6(3J11+8J10)+6J5(2J13+J12)+12J4(2J12−3J13)+
24J3J14) + 12J2(2J35 − J7J11 − J4J14)) + J
2
1 (6J5(J23 + J22)− 12(J10J12 + J7(J18 + J17)) + 6J4(J23 −
J24+J22)+3J4J6(5J5−J4)−24J3(J26+2J25)+6J3J7(5J5+J4))+12J
3
1 (J7(J11+J10)−J35+J4J14).
SJ37 : 12J7J37 = 3J4[2(2J42− J7J16− J6J18− J21(3J5+ J4)) + J2(J7(J4+2J5)− 2(J26+ J25)) + J3(2(J22−
J24 − 2J23 + J3J7) + J6(5J5 − 2J4))] + J1[J5(6(J34 − J33) + 9(J7J9 + J1J25 − J3J14) − 5J6(3J11 +
J10)− 21/2J1J5J7)+ 3J4(3J5(J13+ J12)+ J1(2J26+ J25− 7/2J5J7)+ J4(J13+ J12− J1J7)+ J6(J11+
3J10)− 2(J34 + J33) + J7J9 − J3J14) + J7(6J1J19 − 4J3J10 − 12J28) + 6J3J35] + J3[12J7J17 − 24J43+
3J6(6J19 − J
2
5 ) + 6J5(5J24 − 3J22) + 4J10(J13 − J12) + 6J3(J26 + 2J25 + J5J7)] + 12J9(J33 − J34) +
3J5(J2(J5J7 − 6J25) + 2(J6J18 − J7J16))− 4J8(3J35 + J7J10)− 8J6(3J38 + J9J10).
SJ38 : 24J7J38 = 12J9J35+6J24(J
2
5 −2J19)+12J7(J5(2J18+3J17)+J3J19)+J4[24J43+12J7(J1J10−J17)+
3J6(J
2
5+J4J5−2J19)+6J5J24−6J3(J26+2J25−2J5J7)+4J10(J12−J13)]−6J1J5(J35+J7(4J11+6J10)).
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SJ39 : 24J7J39 = 9J5 [J7(2J19 − (J5 + J4)J5) + 2J25(J4 − J5)] + 12J4(6J44 + J10J14) +
+ 36 [J19J25 + J35(J10 + J11)]− 8J7J
2
10.
SJ40 : J7J40 = J12J30 + J20J24.
SJ41 : J7J41 = J20J25 + J14(J30 − J
2
7 ).
SJ42 : 2J7J42 = 2J3(J5J29 − 2J45) − J6(J1J35 + J6J19 − 4J7J17 + 16J43) + J24(4J24 + 6J23) + 1/2(J5 +
J4)(J5J
2
6 − 12J12J13 + 8J7J21) + 2J4(J6J23 − J8J20 − 2J
2
12 + 6J12J13 − 3J7J21) + 6J12(J34 − J33) −
2/3J6J10(J13 + J12) − 4J21(J26 + J25) + 2J22(2J3J7 − J24 − 4J23) + (9J3J6 − 2J2J7)(J26 + 2J25) +
(4(J23 − J15) + 2J2J4)(J30 − J31) + 4J7J9J12 + 2J13J34 − 4J14J32 − 4J18J29.
SJ43 : 12J7J43 = (6J35 + 4J7J10)(J13 − J12)− 3(2J24 + J4J6)(J26 + 2J25).
SJ44 : 6J7J44 = 3J25(J5J7 − J26)− J14(2J7J10 + 3J35)− 6J
2
25.
SJ45 : 2J7J45 = 2J
2
7 (J22 − J24) + J4(J7J29 − J12J20) + 2(J12(J7J14 + J41) + J24J31).
SJ46 : J7J46 = J14(J4J20 − 2(J7J14 + J41))− J20J35 + J26J30 + 2J25(J30 − J31).
SJ47 : 2J7J47 = J20(J4J20 − 2(J41 + J7J14)) + 2J30J31.
SK2 : J7K2 = J6K3 + J13K1.
SK4 : J7K4 = K1(K7 − J1K3 − J3K1) +K2K3.
SK5 : 2J7K5 = 2K
2
3 + J4K
2
1 .
SK6 : J7K6 = J12K3 + J24K1.
SK7 : 2J7K7 = 2J13K3 − J4J6K1.
SK8 : J7K8 = J25K1 + J14K3.
SK9 : J7K9 = K1K17 +K3K6.
SK10 : 2J7K10 = 2J13K5 +K1(J4(J1K1 − 2K2)− 2J3K3).
SK11 : J7K11 = K1K18 +K3K8.
SK12 : J7K12 = J20K3 − J30K1.
SK13 : J7K13 = K1(J7K3 + J14K1 −K29) +K3K12.
SK14 : J7K14 = J24K2 + J21K3 − J6K17.
SK15 : 2J7K15 = K1(J4(J13 − J12)− 2J3J14) + 2(J14K7 − J13K8 + J22K3).
SK16 : 2J7K16 = K1(J4(J13 − J12)− 2(J3J14 + J33K1)) + 2(K2(J26K2 + J25)− J6(K19 +K18)) + 4(J14K6 −
J12K8) + 2J23K3.
SK17 : 2J7K17 = J1(2J7K8+ J4(K12+2J7K1))+ 2J3(K29− J14K1− J7K3)− 4J13K8+2J6K18− J4(2K28+
J7K2 + J6K3).
SK18 : 2J7K18 = 2J25K3 −K1(2J7(J11 + J10) + J4J14).
SK19 : 3J7K19 = K1(J7(3J11 + 2J10) + 3(J4J14 − J35)) + 3J26K3.
SK20 : J7K20 = K1(K1K8 +K
2
3 −K32) +K3K13.
SK21 : J7K21 = K1(J1K17 − J8K3) + J24K4 −K2K17 +K3K14.
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SK22 : 2J7K22 = J1J4(K13 +K1K3)− J4(2K31 + J6K5) + 2J3(K32 −K1K8 − J7K5)− 2J13K11.
SK23 : J7K23 = 2(K3K16 +K6K8)− (J12K11 + J14K9 + J23K5).
SK24 : 2J7K24 = 2K3K17 − J4K1K6.
SK25 : J7K25 = J25K5 −K1(K3(J11 + J10) + J4K8).
2J7K25 = 2K3K18 − J4K1K8.
SK26 : 3J7K26 = 3K5(J26 + 4J25)−K1(K3(6J11 + 8J10) + 6K38)− 12K3K18.
SK27 : J7K27 = K
2
1K11 + 2K3K20 −K5K13.
SK28 : J7K28 = K1(J3J20 + J7J12) + J13K12 − J20K7 + J29K3.
SK29 : 2J7K29 = 2J30K3 + J4J20K1.
SK30 : 2J7K30 = 2J31K3 + J20(J4K1 − 2K8) + 2J14K12.
SK31 : J7K31 = K
2
1 (J24 − J22)− J29K5 + 2K3K28.
SK32 : 2J7K32 = 2J30K5 +K1(J4(2K12 + J7K1)− 2J14K3).
SK33 : 2J7K33 = K
2
1(2J26 + J4J7) + 2K1(J7K8 − 2J14K3 + J4K12) + 2(J31K5 − J20K11 + J14K13).
SK34 : J7K34 = (J3K1 −K7)(J24 + J23) + J13(K17 +K16)− J12K17 + J24K6 + J32K3.
SK35 : 2J7K35 = J4[2K48 − J23K1 − J14K2 − J12K3 + J7(K7 − 2K6 − J3K1 + J1K3) + J1(J14K1 −K29)] +
J3(2K49 + J26K1 − 2J14K3) + 2J13K19.
SK36 : 6J7K36 = K1(12J43 + 3J5J24 − 3J4J23 + J10(3J12 − 4J13)) − 6K8(2J24 + J23) − 6K7(J26 + 2J25) +
6(J14K16 − J12K18 + 3J25K6 + 2J34K3 − J35K2).
SK37 : J7K37 = K
2
1 (K17 −K15) + 2K3K31 −K5K28
SK38 : 4J7K38 = K1(J7(2J19 − J4J5 − J
2
5 ) + 2J4J26) + 4(K3(J35 − J4J14) + J4J7K8)
SK39 : 2J7K39 = K3(J4K
2
1 − 2K1K8 + 4K32) + 2K5(J14K1 −K29)
SK40 : 6J7K40 = 3K3(2K33 +K
2
1 (J4 − J5))−K1(6(K51 +K1K19 + J7K11)− 3J4K13 + 2J10K
2
1 ).
SK41 : J7K41 = J12K22 + J22K9 − J32K5 + 2K3K34 − 2K6K15.
SK42 : 2J7K42 = J12(K26 +4K25) +K3(4K35 − 2J18K1) +K9(J26 +2J25)− 2K6(K19 +3K18) + 2(J24K11−
J28K
2
1 − J33K5 +K8K17 − 2J14K24).
SK43 : J7K43 = J12(K26 + 2K25) + 2(K8K17 − J14K24 +K3K36 −K6(K19 +K18)) + J26K9 − J34K5.
SK44 : J7K44 = K2(K3K5 −K39)−K1(K1K22 +K5K6) +K3(K37 −K3K4) +K4K32.
SK45 : J7K45 = J14K26 + J26K11 − J35K5 + 2K3K38 − 2K8K19.
SK46 : 2J7K46 = 2K3(K39 −K1K11) + J4K1(K20 +K1K5).
SK47 : 2J7K47 = K
2
1(J4K5 − 2(K26 +K25)) +K1(J4K20 − 2(K56 +K3K11)) + 2K3K40.
SK48 : J7K48 = J12((K29 −K30)− J14K1) + J20(K17 +K16)− J23K12 + J31K6.
SK49 : J7K49 = K1(J7J25 − J
2
14) + J14K29 − J30K8 + J41K3.
SK50 : J7K50 = K1(J24K3 − J25K2) + J12K32 + J14K31 − J41K4 +K2K49 +K3K48 −K6K29 −K8K28.
17
SK51 : 6J7K51 = 6(J41K5−K1(J14K8+K12(J10+J11)))+J7(3J14K5−6K1K19−K
2
1 (5J10+3J11)−3J7K11).
SK52 : 2J7K52 = J5(J7K14− J21K3) +K1(J8J26− J4(J7J8+ J32)+ 2J21(J11+ J10))+ 2[J14K34+ J21(K19+
K18)−K14(J26 + J25)− J32K8 + J42K3].
SK53 : 12J7K53 = K1(3J4(J34−J5J13)+3J13(2J19−J
2
5 )+J24(4J10+6J11)−12J7J28)+6(J24K19−J26K17+
2J43K3).
SK54 : 2J7K54 = K
2
1(K3(J1(J5 − J4)− 2J9) + 2J4K6) + 2(J7K1K24 − J12(J24K20K39 +K1K11)).
SK55 : 4J7K55 = 2J26(K1(J11+J10)−K18)+2J25(K1(3J11+2J10)+K19)−J4J5J14K1+4(J14K38−J35K8+
J44K3).
SK56 : 2J7K56 = 2K
2
1(K3(J11 + J10) + J4K8) +K1(J7(K26 − J5K5+ 6K25)− 2J14K11) + 2(J25K20J14K39−
J7K3K11)
SK57 : 2J7K57 = J5(J7K21−K3K14)+J21(K26+2K25)+K34(2K8−J4K1)−J26K21+2(K3K52−J32K11−
K14K18)
SK58 : 6J7K58 = 2J10(K2K8 − J14K4) − K1(6(K17(J11 + 2J10) + J18K8 + J28K3) + K15(6J11 + 4J10)) +
3[K26(J24 + J23 + J22) + J26(K23 −K22 +K24(J26 + 4J25)] + 6[K18(K16 −K15 − 2K17)−K19(K17 +
K16)+K8(2K36+K35)+K38(K6−2K7)+J35(K10−K9)−K11(J34+J33)+K25(J22−J23)+J13K45−
J14K43 + J43K5].
SK59 : J7K59 = K1(K5K17 −K6K11) +K6K39 +K17K20.
SK60 : 6J7K60 = 3K18(J5K3+K1(3J11+4J10)+3K19+6K18)−2K8(9K38+J10K3)+3J14K45+6(K3K55−
J26K25 − J25(K26 + 4K25) + 2J35K11 − J44K5).
SK61 : J7K61 = K11(K
2
3 −K32) + 2K8(K39 −K3K5) +K13K25.
SK62 : 2J7K62 = J5(J7K28−J29K3)−J12(J26K1+2K49)+2(J22(K29−K30)+K15(J31−J30)+K1(J14J23−
J18J20) + J20K35 − J33K12 + J41K6 + J45K3).
SK63 : J7K63 = K30(2J25 − J26) +K19(J31 − 2J30)−K1(J
2
7J11 + J14J26) + J46K3 + 2(J26K29 − J31K18).
SK64 : 6J7K64 = K
2
1 (2J10J12 + J7(2J1J10 − 6J17)) + 3K1(K3(J5J12 − J4J12) + J7(K3(2J9 + J1(J4 − J5))−
2J4K6) + 2J12K19) + 6J
2
7 (K22 −K24) + J12(6(J7K11 +K51)− 3J4K13) + 3J4J7K31 + 6J24K33.
SK65 : 2J7K65 = K
2
1(J4J26 − 4J44)− 2J46K5 + 4K3K63
SK66 : 2J7K66 = 2K1[J18K13+K9(J26+J25)−K10(J26+2J25)+K5(J34−J33)−K8(K16+3K15)+K1K53−
K3K36 + 2K6K18] + K28(K26 + 6K25) + K20(3J33 − J34) −K37(3J26 + 4J25) −K12(K43 + 2K42) +
2[K31(K19−K18)+K32(3K15−K16)+K39(J23− 3J22)+K3(2(J22K5−K3K15)+K64)+ 2(K8K50−
K11K48) +K13K36].
SK67 : 12J7K67 = 12K3K65+K1(6J11K33+3J14(J5− 2K26− 6K25)+2J10(3K33+K32+K5(2K1K8−J7)+
J4K
2
1) + 3J7(K11(2J4 − J5)− 2K45) + 6J11K32 + 3J4(J5K13 + 2K1K19)).
SK68 : 4J7K68 = 4((2K17−J9K1)K40−J24K47+J12(K61+K5K11))+2J7(J3(K46−K
2
5 )−K5K24−K4K25)−
2J4J12K27 + J1(J7(J4K27 − 2K5K11) + 2(J5 − J4)K1K40).
SK69 : J7K69 = J26K46−J35K27+2(K3K67−K1(K3K45−K5K38)−K19K39+K20K38)−K5K65−K13K45+
K26K32.
SK70 : 2J7K70 = J20K1(J5J7 − 2J26 − 4J25) + 2(K29(J
2
7 − 2J31) + J30(K30 − 2J7K3) + J47K3).
SK71 : J7K71 = K1(J14(2K29−K30)− (J20K18+J41K3))+K3K70+K29(J7K3+K30− 2K29)+J30(2K32−
K1K8 −K
2
3 −K33).
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SK72 : 2J7K72 = 2K
2
1 (2J14K8 +K12(J11 + 2J10) + J7(K19 −K3(J5 + J4)) + 2J4K30) + 2J30K40 − 2(K56 +
K1K26) + J7(K1(2J4K13 − 6K51 − 5J14K5 + 3J7K11) +K
3
1(3J11 + J10) − 2J14K20) + J4(J20(K20 −
K1K5) + J14K
3
1 ).
SK73 : 2J7K73 = K1(K8(K1K8+(3K33−2K32)+2K
2
3 )+K3K51+K5K49−3K11K30+K12K26−K13(K19+
2K18)) +K
4
3 −K
2
3 (K33 +K32) + 3K3(K72 −K5K29) +K5(2J7K32 +K71) + 2(K12K56 +K30K39) +
K29(2K39 −K40)− 3K32K33.
SK74 : 6J7K74 = K
3
1(6J5K11+12K67+K5(6J11− 4J10)− 15K45)+K
2
1 (K20(3J11+5J10)+K39(6J4− 9J5)−
3J4K3K5)+3K1(K27(J4J7−J26)+J14(3K46−4K
2
5−K47)−3J7K61)+3(K3(2K73−J14K27)+J7K8K27).
SK75 : J7K75 = K1(3K11(K39−K40)− 2K27(K19+K18)−K20K26)+K3(K11K20− 2K8K27)+K5(J7K46−
K5K32 + 2K8K20 −K11K13 +K73) + 2(K32K47 −K33K46).
Proof. Since J1, ..., J47,K1, ...,K75 still invariant under any centro-affine transformation, they still particu-
larly invariant after the transformation q13 . In each element of S(2,R, {0, 1, 3}) we substitute each tonsorial
coefficient by its expression in J1, ..., J47,K1, ...,K75 then lead on syzygies. For example,
J41 = b
αbβbγbδbµδντb
ν
γµpb
τ
αβqε
pq =
1
J7
aαaβaγaδaµδντa
ν
γµpa
τ
αβqε
pq
where α, β, γ, δ, µ, ν, τ, p, q = 1, 2 i.e.
J41 =
2∑
α=1
2∑
β=1
2∑
γ=1
2∑
δ=1
2∑
µ=1
2∑
η=1
2∑
τ=1
2∑
p=1
2∑
q=1
bαbβbγbδbµδντ b
ν
γµpb
τ
αβqε
pq
= −(b1)
2
(b2)
2
b2111b
2
222
2
+ (b1)
3
b2b1122b
1
111
2
− (b1)
4
b2111b
2
112b
1
122 − (b
1)
4
b1111b
1
122b
2
111 +
+ (b2)
2
(b1)
2
b1222b
1
111
2
+ (b1)
4
b1112
2
b2111 − (b
1)
4
b2111b
2
122
2
− (b1)
3
b2b1112
2
b2112 − b
1(b2)
3
b1122b
1
112
2
− (b1)
2
(b2)
2
b1112
3
+ 2 (b1)
2
(b2)
2
b1122
2
b2111 + (b
2)
4
b1112b
2
222b
1
122 − (b
2)
4
b1122
2
b1112 − (b
1)
4
b1111b
2
122b
2
112
+ (b1)
4
b2112
2
b2122 − 2 (b
2)
2
(b1)
2
b1222b
2
112
2
− (b2)
3
b1b2112b
2
222
2
+ (b2)
4
b2222b
2
112b
1
222 + b
2(b1)
3
b2112b
2
122
2
+ (b2)
4
b1222b
2
112b
1
122 + (b
2)
2
(b1)
2
b1112b
2
122
2
+ (b2)
3
b1b1122b
2
122
2
+ (b2)
2
(b1)
2
b2122
3
+ (b2)
2
(b1)
2
b1111b
2
222b
1
112 + (b
2)
2
(b1)
2
b2222b
2
111b
1
122 − 2 (b
1)
3
b2b2111b
2
122b
2
222 + (b
1)
3
b2b1111b
2
122b
1
112
+ (b2)
3
b1b2222b
2
111b
1
222 − (b
1)
3
b2b1111b
1
222b
2
111 − (b
1)
3
b2b2111b
2
112b
1
222 − 2 (b
2)
4
b1122
2
b2122
+ (b2)
4
b1222b
1
112
2
+ 2 (b1)
4
b1112b
2
112
2
− (b2)
4
b1222b
2
122
2
− 3 b1(b2)
3
b1112b
2
122b
1
122
− 2 (b1)
2
(b2)
2
b1112b
2
112b
1
122 + (b
2)
3
b1b1222b
2
111b
1
122 + (b
2)
3
b1b1122b
2
222b
2
112 + 2 (b
1)
2
(b2)
2
b1122b
2
122b
2
112
− (b2)
3
b1b1122
2
b1111 + (b
1)
3
b2b2112
2
b2222 − (b
1)
3
b2b1111b
2
222b
2
112 − 2 b
1(b2)
3
b2122b
2
112b
1
222
− (b1)
2
(b2)
2
b1111b
1
222b
2
112 − (b
2)
3
b1b1112b
2
222b
2
122 − (b
1)
3
b2b1111b
2
122
2
− (b1)
2
(b2)
2
b1111b
2
222b
2
122
+ (b2)
3
b1b2122
2
b2222 − (b
2)
2
(b1)
2
b1112b
2
222b
2
112 − (b
1)
3
b2b1112
2
b1111 + 2(b
1)
3
b2b1122b
2
111b
1
112
+ 3 (b1)
3
b2b1112b
2
122b
2
112 + (b
2)
3
b1b1112
2
b2222 + 2 (b
2)
3
b1b1222b
1
111b
1
112 − (b
1)
2
(b2)
2
b1112
2
b2122
+ (b2)
3
b1b1111b
2
222b
1
122 + (b
1)
2
(b2)
2
b1111b
2
122b
1
122 − (b
1)
3
b2b1111b
2
112b
1
122
Since b1 = 0 and b2 = 1 then
J41 = b
1
112
2
b1222 − b
1
112b
1
122
2
+ b1112b
1
122b
2
222 − 2 b
1
122
2
b2122 + b
1
122b
1
222b
2
112 + b
1
222b
2
112b
2
222 − b
1
222b
2
122
2
= − (1/2J4J20−J7J14)
2J20
J74
− (1/2J4J20−J7J14)(J7
2−J30)
2
J74
+ (1/2 J4J20−J7J14)(J7
2−J30)J30
J74
+ J20(J7J14−1/2 J4J20)
2
J74
− 2 (J7
2−J30)
2(J7J14−1/2J4J20)
J74
− (J7
2−J30)J20(1/2J4(J7
2−J30)−J7J25)
J74
− J20(1/2 J4(J7
2−J30)−J7J25)J30
J74
=
(−J72+J30)J14+J20J25
J7
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or J7J41 =
(
−J7
2 + J30
)
J14 + J20J25 then lead to SJ41 .
Another example,
K8 = a
αaβδαpa
γ
γβqx
δεpq
where α, β, γ, δ, p, q = 1, 2 i.e.
K8 = −b
1b1111b
1
122x
2 + b1b1111b
2
122x
1 + b1b1112
2
x2 − 2 b1b1112b
2
112x
1 + b1b1122b
2
111x
1 + b1b2222b
2
111x
1
− b1b2112b
2
122x
1 + b1b2222b
2
112x
2 − b1b2122
2
x2 − b2b1111b
1
122x
1 − b2b1111b
1
222x
2 + b2b1112
2
x1
+ b2b1112b
1
122x
2 − b2b1112b
2
222x
2 + 2 b2b1122b
2
122x
2 − b2b1222b
2
112x2 + b
2b2222b
2
112x
1 − b2b2122
2
x1
= −b1111b
1
122x
1 − b1111b
1
222x
2 + b1112
2
x1 + b1112b
1
122x
2 − b1112b
2
222x
2 + 2 b1122b
2
122x
2 − b1222b
2
112x2
+ b2222b
2
112x
1 − b2122
2
x1
= J14K3+J25K1J7
or J7K8 = J14K3 + J25K1 then lead to SK8 .
Similarly, we obtain 109 syzygies between J1, . . . , J47,K1, . . . ,K75.
These syzygies are independent since each syzygy contain only one covariant of S(2,R, {0, 1, 3}) and gen-
erating. Indeed, a syzygy Si is of the form λiJ
mi
7 Ij + pi where for i = 1, 109 λi ∈ R
∗,mi ∈ N
∗, Ij ∈
S(2,R, {0, 1, 3}) and pi is the right hand side of Si. Then any syzygy S between J1, . . . , J47,K1, . . . ,K75 can
be expressed in pi/aiJ
mi
7 then S can be expressed in pi, , i = 1, 109. Furthermore, these syzygies still hold at
J7 = 0 by passing to the limit since S(2,R, {0, 1, 3}) is isomorphic to R
6. The proof is completed.
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